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On the Viability of the Intermediate Inflation Scenario with F (T ) Gravity
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We study the intermediate inflation scenario in the context of F (T ) gravity, and we examine
it’s viability by calculating the power spectrum of the primordial curvature perturbations and the
corresponding spectral index. As we demonstrate, it is possible for the resulting spectral index to
be compatible with the observational data and we investigate the parameter space in order to see
when the compatibility with data is possible.
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I. INTRODUCTION
An alternative theory to Einstein-Hilbert gravity is
F (T ) gravity, where the fundamental quantity that is
used is the torsion T corresponding to the Weitzenbo¨ck
connection [1–6], instead of the Ricci scalar correspond-
ing to the Levi-Civita connection. In general, modified
gravity models of teleparallelism, in which case the the-
ory is built by using a appropriately chosen function of
the torsion T , can explain various cosmological eras of
our Universe, for example the late-time acceleration is-
sue in the context of F (T ) gravity was studied in Refs.
[7–14, 16–20, 38], while inflationary and bouncing scenar-
ios in relation with cosmological perturbation scenarios
were studied in Refs. [21–27]. Moreover, special cosmo-
logical solutions where found in Refs. [28, 29] and special
metric solutions or astrophysical objects studies where
performed in Refs. [31–36], and in addition thermody-
namical issues were addressed in [37–39]. This research
stream renders F (T ) gravity an important alternative to
Einstein-Hilbert gravity. To this end, the purpose of this
paper is to investigate if a quite popular inflation sce-
nario, and specifically the intermediate inflation scenario
[40–48], can produce a nearly scale invariant power spec-
trum, compatible with the observational data in the con-
text of F (T ) gravity. For a relevant work on intermediate
inflation in the context of F (T ) gravity, see [46]. We shall
investigate which F (T ) gravity can approximately real-
ize the intermediate inflation scenario, emphasizing at
early cosmic times, and we shall calculate the evolution
of scalar perturbations and the corresponding spectral
index. As we shall demonstrate, the intermediate infla-
tion scenario in the context of F (T ) gravity, produces a
nearly scale invariant power spectrum, with a spectral in-
dex compatible with the latest (2015) observational data,
coming from the Planck collaboration [55]. In addition,
we perform an analysis of the free parameters space and
we investigate for which values of the parameters, com-
patibility with the Planck data can be achieved.
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This paper is organized as follows: In section II we
present in brief some essential features of the F (T ) grav-
ity and also the necessary formalism for the sections to
follow. In section III we investigate which F (T ) grav-
ity can approximately generate the intermediate inflation
scenario, emphasizing at early times, and we calculate
the power spectrum of primordial perturbations. In ad-
dition we calculate the spectral index and we discuss its
compatibility with the observational data. In section IV
we perform an analysis of the free parameters space and
we discuss how the compatibility with the observational
data can be achieved for various values of the parameters.
Finally, the conclusions follow at the end of the paper.
II. ESSENTIAL FEATURES OF F (T ) GRAVITY
For the F (T ) gravity formalism, the orthonormal
tetrad components eA(x
µ) are used, which are very com-
mon in teleparallelism theories, where the index A is
A = 0, 1, 2, 3, on the tangent space of each spacetime
point xµ of the spacetime manifold. Effectively, the
tetrads eµA form the tangent vector of the spacetime mani-
fold. The tetrad components are related to the spacetime
metric gµν as follows gµν = ηABe
A
µ e
B
ν . The torsion T
ρ
µν
and the contorsion Kµνρ tensors, are defined as follows,
T ρµν ≡ eρA
(
∂µe
A
ν − ∂νeAµ
)
, (1)
Kµνρ ≡ −
1
2
(
T µνρ − T νµρ − T µνρ
)
.
In addition, the torsion scalar T is defined as follows, [2]
T ≡ S µνρ T ρµν , S µνρ ≡
1
2
(
Kµνρ + δ
µ
ρT
αν
α − δνρTαµα
)
.
(2)
In effect, the F (T ) modified teleparallel gravity action is
equal to,
S =
∫
d4x|e|
[
F (T )
2κ2
+ Lmatter
]
, (3)
where |e| = det (eAµ ) = √−g. By varying the gravita-
tional action of Eq. (3), with respect to the vierbein eµA,
2we get,
1
e
∂µ (eS
µν
A )F
′ − eλAT ρµλS νµρ F ′ (4)
+ S µνA ∂µTf
′′ +
1
4
eνAF =
κ2
2
e
ρ
AT
ν
(matterρ .
By considering a flat FRW metric with line element,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (5)
then we find that the tetrad components are equal
to, eAµ = diag (1, a, a, a), which implies that gµν =
diag
(
1,−a2,−a2,−a2). In effect, the torsion scalar T
is equal to, T = −6H2, and in addition, for the flat FRW
metric, Eq. (4) becomes,
3
κ2
H2 = ρmatter+ρDE ,
1
κ2
(
H2 + H˙
)
= pmatter+pDE ,
(6)
where,
ρDE =
1
2κ2
(−T − f + 2Tf ′) , (7)
pDE = − 1
2κ2
(
(4− 4f ′ − 8TF ′′) H˙ − T − f + 2Tf ′
)
,
and the prime denotes differentiation with respect to T .
The energy density ρDE and the pressure pDE appearing
in Eq. (7), satisfy the usual continuity equation
0 = ρ˙DE + 3H (ρDE + pDE) , (8)
and the same applies for the energy density ρmatter and
for the pressure pmatter, which correspond to the perfect
matter fluids which are present. In the purely vacuum
case we have ρmatter = pmatter = 0, and the first equation
in Eq. (6) becomes,
0 = −F + 2TF ′ , 0 = F ′ + 2TF ′′ , (9)
where we used the fact that T = −6H2. In the following
sections we shall use the above formalism and we shall
apply the above reconstruction technique in order to find
the F (T ) gravity which realizes the intermediate inflation
scenario.
III. INTERMEDIATE INFLATION AND
EVOLUTION OF PERTURBATIONS IN
F (T ) = T + f(T ) GRAVITY
As we already mentioned, in this paper we shall be
interested in the intermediate inflation scenario, which
is quite popular in the literature, see for example [40–
48]. In the standard approach of intermediate inflation,
it was worked out in the context of scalar-tensor gravity
[41–44], and its viability as a cosmological theory of the
early Universe was examined in Refs. [43–45]. We shall
investigate whether this model of inflation is viable in the
context of F (T ) gravity. The intermediate inflation scale
factor and the Hubble rate are [40],
a(t) = eAt
n
, H(t) = Antn−1 , (10)
where 0 < n < 1 and also A > 0. The calculation of the
evolution of primordial perturbations in the context of
F (T ) gravity, can be found in various texts in the liter-
ature [21–26], and we adopt the formalism and notation
of Ref. [21]. For a general approach applicable to vari-
ous cosmological contexts, see for example [49]. We shall
be interested in the longitudinal gauge, and therefore we
consider only scalar-type metric fluctuations. In effect,
the perturbed metric has the following form,
ds2 = (1 + 2Φ)dt2 − a(t)2(1− 2Ψ)
∑
i
dx2i . (11)
It is conceivable that the scalar fluctuations of the metric
are quantified by the scalar functions Φ and Ψ. The
leading order perturbation of the torsion scalar can be
expressed in terms of the functions Φ and Ψ as follows,
δT = 12H(Φ˙ +HΨ) , (12)
where H stands for the Hubble rate. In effect, by using
the formalism and the equations of motion of the previ-
ous section, we find the following perturbation equations
of the F (T )1 gravity [21], which correspond to the per-
turbed metric (11),
(1 + f,T )
∇2
a2
Ψ− 3(1 + f,T )HΨ˙− 3(1 + f,T )H2Φ (13)
+ 36f,TTH
3(Ψ˙ +HΦ) = 4πGδρ ,
(1 + f,T − 12H2f,TT )(Ψ˙ +HΦ) = 4πGδq ,
(1 + f,T )(Ψ− Φ) = 8πGδs ,
(1 + f,T − 12H2f,TT )Ψ¨ + 3H(1 + f,T
− 12H2f,TT − 12H˙f,TT + 48H2H˙f,TTT )Ψ˙
+
[
3H2(1 + f,T − 12H2f,TT ) + 2H˙(1 + f,T − 30H2f,TT
+ 72H4f,TTT )
]
Φ+
1 + f,T
2a2
∇2(Ψ− Φ) = 4πGδp ,
with f,T , standing for ∂T f(T ), and the derivatives f,TT
and f,TTT can be found accordingly. Moreover, the func-
tions δp, δρ, δq, δs, denote the fluctuations of the total
pressure, of the total energy density and of the fluid ve-
locity and of the anisotropic stress respectively. Assum-
ing that a canonical scalar field represents the matter
fluid present, which has a potential V (φ), we get the fol-
1 Note that we assumed F (T ) = T + f(T ) for the F (T ) gravity
entering the action.
3lowing equations,
δρ = φ˙(δφ˙− φ˙Φ) + V,φδφ , (14)
δq = φ˙δφ ,
δs = 0 ,
δp = φ˙(δφ˙− φ˙Φ)− V,φδφ .
In view of the above equations, it was shown in Ref. [21],
that the relation Ψ = Φ holds true, and in addition, the
scalar fluctuation δφ, uniquely determines the gravita-
tional potential Φ. In effect, the f(T ) gravity minimally
coupled to a scalar field has one degree of freedom. With
regard to the evolution of the scalar perturbations, the
following equation determine how these evolve in time
[21],
Φ¨k + αΦ˙k + µ
2Φk + c
2
s
k2
a2
Φk = 0 , (15)
with Φk being the scalar Fourier mode of the potential Φ,
and in addition, the functions c2s, α and µ
2 are the the
speed of sound parameter, the frictional term and the
effective mass respectively, corresponding to the scalar
potential Φ. In detail, the latter functions are equal to,
α = 7H +
2V,φ
φ˙
− 36HH˙(f,TT − 4H
2f,TTT )
1 + f,T − 12H2f,TT , (16)
µ2 = 6H2 + 2H˙ +
2HV,φ
φ˙
− 36H
2H˙(f,TT − 4H2f,TTT )
1 + f,T − 12H2f,TT ,
c2s =
1 + f,T
1 + f,T − 12H2f,TT .
The equation of motion for the canonical scalar field is,
φ¨+ 3Hφ˙+ V,φ = 0 , (17)
and thus by rewriting the f(T ) gravity equation of mo-
tion as follows,
(a+ f,T − 12H2f,TT )H˙ = −4πGφ˙2 , (18)
the master equation that determines the evolution of
scalar perturbations is,
Φ¨k +
(
H − H¨
H˙
)
Φ˙k +
(
2H˙ − HH¨
H˙
)
Φk +
c2sk
2
a2
Φk = 0 .
(19)
As it can be seen from the structure of Eq. (19), it is
identical to the Einstein-Hilbert master equation, apart
from the appearance of the speed of sound parameter.
A physical quantity that can adequately quantify any
cosmological inhomogeneities, is the comoving curvature
fluctuation, which we denote as ζ, which in the case at
hand is equal to,
ζ = Φ− H
H˙
(
Φ˙ +HΦ
)
. (20)
The comoving curvature fluctuation is gauge invariant
and it simplifies significantly the calculation of the spec-
tral index. We also introduce the quantity v which is
defined as follows,
v = zζ , (21)
where z stands for,
z = a
√
2ǫ , (22)
and also ǫ is the first slow-roll index ǫ = − H˙H2 . In terms
of the new variables v and z, the master equation that
determines the evolution of primordial curvature pertur-
bations becomes [21],
v′′k +
(
c2sk
2 − z
′′
z
)
vk = 0 , (23)
where the sound speed parameter appears in Eq. (16).
Note here that the “prime” in Eq. (23) denotes differ-
entiation with respect to the conformal time τ , which in
terms of the cosmic time t is defined as follows,
τ =
∫
dt
1
a
. (24)
We need to note that the f(T ) gravity affects the evo-
lution of the primordial curvature perturbations (23) via
the speed of sound parameter cs, and for the flat FRW
background of Eq. (5), the f(T ) gravity first Friedmann
equation becomes,
H2 = −f(T )
6
− 2f,TH2 , (25)
and since T = −6H2, for the intermediate inflation case
(10) we obtain,
T = −6A2n2t2n−2 . (26)
By solving the above equation with respect to the cosmic
time t, we obtain the function t(T ), which is,
t(T ) = 6−
1
2n−2
(
− T
A2n2
) 1
2n−2
. (27)
By combining Eqs. (25) and (27), we obtain the ap-
proximate form of the f(T ) gravity which realizes the
intermediate inflation scenario, which is,
f(T ) = c1T
An
2 − T
2
(
1− An2
) , (28)
with c1 being an arbitrary integration constant, and
hence the total F (T ) gravity is F (T ) = T + f(T ). At
this point we shall express all the quantities as function
of the conformal time τ , however in the case at hand, cer-
tain simplifications can be made. Particularly, since we
are interested for the inflationary era, this means that
we are interested in the early-time era, so the cosmic
4time variable takes small values. In effect, the exponen-
tial eAt
n
for small values of t can be approximated as
eAt
n ∼ 1, and therefore we may identify the cosmic time
t with the conformal time τ (see relation (24)), that is
τ ∼ t. In effect, the function z(t) for the intermediate
f(T ) inflation reads,
z(t) =
√
2(1− n)t−n
An
, (29)
and moreover, by using Eq. (28) the sound speed param-
eter is equal to,
c2s(t) =
Ac1 n6
An
2 (An− 2) (−A2n2t2n−2)An2
2(An− 1)S(t) (30)
− 12A
2n2(An− 1)t2n−2
2(An− 1)S(t) ,
where S(t) is,
S(t) =
(
c16
An
2 (An− 2) (−A2n2t2n−2)An2 (31)
− 6A2n2t2n−2
)
.
Due to the fact that the dominant term in the expression
of Eq. (30) is ∼ t2n−2, we may approximate the sound
speed parameter as c2s ≃ 1. In effect, the master equa-
tion describing the evolution of the perturbations can be
written as follows,
v′′k (t) +
(
k2 −
(
n
2 + 1
)
n
2t2
)
vk(t) = 0 , (32)
which has the following solution,
vk(t) = C1
√
tJn+1
2
(kt) + C2
√
tYn+1
2
(kt) , (33)
with Jn(z) and Yn(z) being the Bessel functions of first
and second kind respectively, and in addition C1 and C2
are arbitrary integration constants. The expression of
Eq. (33) can be simplified for small values of the Bessel
functions arguments, so we get the simplified result for
vk(t), which is,
vk(t) =
C1
√
t(kt)n/2
(
2
1
2 (−n−1)
√
kt
)
Γ
(
n+1
2 + 1
) (34)
+ C2
√
t
(
− 2
n
2 +
1
2Γ
(
n+1
2
)
(kt)−
n
2− 12
π
− 2
−n2− 12 cos
(
1
2π(n+ 1)
)
Γ
(
1
2 (−n− 1)
)
(kt)
n
2 +
1
2
π
)
,
and by keeping only leading order terms we acquire,
vk(t) =
C2
√
t
(
2
n
2 +
1
2Γ
(
n+1
2
)
(kt)−
n
2− 12
)
π
. (35)
At this point we proceed in calculating the power spec-
trum of the primordial curvature perturbations, which in
terms of the functions vk and z is defined as follows,
Pζ = k
3
2π2
|vk
z
|2k=aH , (36)
and note that it must be evaluated at the horizon cross-
ing, which occurs when k = aH , where k is the wavenum-
ber of each primordial mode. In order to find an analyt-
ical expression for the power spectrum, we need to ex-
press the quantity | vkz |2 as a function of the wavenumber
k. Note that, firstly, we already have the function vk(t),
which we calculated the resulting expression in Eq. (35),
however, the parameter C2 is also k-dependent. This k-
dependence of C2 can be determined by assuming some
initial conditions for the function vk(t0). Particularly we
assume that it originates from a Bunch-Davies vacuum,
and hence we have vk ≃ e−ikt√2k . In effect the constant C2
as a function of the wavenumber is,
C4 ≃ π2
−n2− 12 kn/2tn/2
Γ
(
n+1
2
) . (37)
We need to note that the assumption of the Bunch-Davies
vacuum is an assumption based on the fact that the in-
termediate inflation scenario is an inflationary scenario.
The Bunch-Davies vacuum assumption is based on the
fact that the initial state corresponds to an era that the
curvature does not affect the fluctuations. It is possible
though that before the inflationary era, another scenario
might occur, like for example a bouncing phase [50], so
in effect the Bunch-Davies assumption would be inappli-
cable. Therefore, one should adopt the approach of Refs.
[51, 52] in order to find the correct approximation for the
initial state. In fact, as it shown in [53], in some cases
the intermediate inflation scenario is identical with the
expanding phase of a singular bounce. Then, the consid-
erations of Refs. [51, 52] might be compelling. However,
for the purposes of this paper we assume that the initial
state remains a Bunch-Davies vacuum state and we defer
this non-trivial task to a future work.
Another quantity that has an implicit k-dependence is
the cosmic time in both Eqs. (35) and (37). In order
to find the k-dependence, recall that the power spectrum
is evaluated at the horizon crossing, where the equation
k = aH , and since a ∼ 1 at early times, we have,
t ≃ k
1
n−1
(An)
1
n−1
. (38)
Hence, by combining Eqs. (29), (35), (37) and (38), the
resulting power spectrum of Eq. (36) is equal to,
Pζ ≃
(
n1−
n
n−1A1−
n
n−1
)
k
1
n−1+3
4π2(1− n) . (39)
Obviously, the power spectrum is not scale invariant,
however, as we show in the next section, it can be com-
5patible with the Planck data, since a nearly scale invari-
ant spectrum is produced for specifically chosen values of
the parameter n.
A. Comparison with Planck 2015 Data and
Analysis of the Parameter Space
Having the expression for the power spectrum of pri-
mordial curvature perturbations at hand, namely Eq.
(39), we can calculate the spectral index straightfor-
wardly, by using the following relation,
ns − 1 = d lnPζ
d ln k
. (40)
Therefore, for the power spectrum of Eq. (39), the spec-
tral index reads,
ns =
1
n− 1 + 4 , (41)
and now we investigate whether this spectral index can
be compatible with the 2015 observational data of the
Planck collaboration [55], in which case the spectral in-
dex is constrained as follows,
ns = 0.9644± 0.0049 . (42)
In effect, a spectral index ns that takes values in the in-
terval ns = [0.9595, 0.9693] can be considered compatible
with the Planck constraints (42). In Fig. 1, we have plot-
ns=0.9595
ns=0.9644
ns=0.9693
0.6700 0.6705 0.6710 0.6715 0.6720
0.950
0.955
0.960
0.965
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n
n
s
Figure 1: The spectral index ns =
1
n−1
+4 as a function of the
parameter n. The curve with arrows indicates the values of
n for which the spectral index is compatible with the Planck
2015 constraints on the spectral index.
ted the spectral index ns =
1
n−1 + 4, as a function of n,
and as it can be seen, the allowed range of n is indicated
by the arrows. The upper dashed line (red in online ver-
sion) indicates the highest value of the spectral index that
it is allowed, namely ns = 0.9693, while the lower dashed
line (red in online version) indicates the lowest allowed
value of the spectral index, namely ns = 0.9595. The
middle dashed (red in online version) line corresponds to
ns = 0.9644. Hence if n is chosen to take values in the
range n = [0.67, 0.6711], then the spectral index ns takes
values in the interval ns = [0.9595, 0.9693], and hence it
is compatible with the Planck data. In conclusion, for
the F (T ) gravity description of the intermediate infla-
tion scenario, the resulting spectral index depends only
on one parameter n, that appears in the scale factor of
the intermediate inflation scenario, and it can be compat-
ible with the Planck 2015 observational data, if n takes
values in the interval n = [0.67, 0.6711].
B. Discussion on the Scalar-to-tensor Ratio
We now discuss the calculation of the scalar-to-tensor
ratio, which in the case at hand it will prove a non-trivial
task. Consider the perturbation of the flat FRW metric,
ds2 = a(τ)2
(−dτ2 + (δij + hijdxidxj)) , (43)
where the tensor perturbation hij is real, transverse and
traceless, that is, hij = hji, hii = 0 and hij,j = 0.
The calculation of the amplitude of the tensor modes can
be done by using standard approaches, see for example
[22, 54], so the resulting master differential equation that
governs the evolution of the tensor perturbations is,
(
h¨ij + 3Hh˙ij − ∇
2
a2
hij
)
− 12HH˙f,TT
1 + f,T
h˙ij = 0 . (44)
By expanding the tensor perturbation hij in Fourier
modes, one can calculate the evolution of each tensor
Fourier mode. However, for the case at hand this is a
highly non-trivial task, and it is very difficult to obtain
analytic results even by taking the small t limit. This is
due to the presence of the last term in Eq. (44), which
contains the derivatives of the function f(T ), which in
our case, by using Eq. (28), the last term reads,
− 12HH˙f,TT
1 + f,T
h˙ij = (45)(
6A3C1(n− 1)n3(An− 2)2t2n−3T An2 −1
AC1n(An− 2)T An2 + 2T (An− 1)
)
h˙ij ,
and by using Eq. (26), we can express it in terms of the
cosmic time (recall that the cosmic and the conformal
time are equivalent in the small t limit in our case, see
Eq. (24), with a ∼ 1),
− 12HH˙f,TT
1 + f,T
h˙ij = (46)
 (n− 1)t(An− 2)2
An22−
An
2 31−
An
2 (An−1)t2n(A2n2t2n−2)−
1
2
(An)
C1
+ t2(2 −An)

 h˙ij .
Hence the study of the tensor modes is highly non-trivial
and we hope that we address this is issue in a future work
focused solely on the calculation of the evolution of the
tensor modes.
6IV. CONCLUSIONS
In this paper we investigated how the intermediate in-
flation scenario can be realized by an F (T ) gravity, and
we calculated the power spectrum of the primordial cur-
vature perturbations. The original question was whether
the spectral index of the intermediate inflation scenario
realized by F (T ) gravity, can be compatible with the 2015
Planck constraints, and as we showed, it is possible and
for a quite large range of the values of the free param-
eters. Actually, as we showed, the power spectrum de-
pends on the parameter n, which appears in the scale fac-
tor a ∼ eAtn of the intermediate inflation scenario, and
when n takes its values in the interval n = [0.67, 0.6711],
the resulting spectral index is compatible with the Planck
data.
Before we close, we need to highlight an observation
with regard to the intermediate inflation scenario. By
looking at functional form of the scale factor and of the
Hubble rate of the intermediate inflation scenario, it is
easy to realize that the intermediate inflation scenario has
a finite time singularity at t = 0, and since 0 < n < 1,
by following the classification of Refs. [56–58], it is easy
to see that the singularity is a Type II singularity. In
effect, it is softer than the Big Bang singularity, since it
is simply a pressure singularity. Also we need to stress
that the intermediate inflation scenario could be identi-
fied with the expanding phase of the so-called singular
bounce [59, 60], but with the singularity occurring at the
origin being a Type II, instead of a Type IV which was
the case in Refs. [59, 60]. An interesting scenario could
be that before the intermediate inflation scenario occurs,
a contracting bouncing phase occurs, like in bounce infla-
tion scenarios [61–63]. This scenario could be realized in
the context of modified gravity, but we defer this project
to a future work.
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